CONVERGENCE OF INTERPOLATORY POLYNOMIALS,
(0, 1, 2,4) INTERPOLATION

BY
R. B. SAXENA

1. Introduction. In most of the problems of interpolation we prescribe the
values of a function at some points x;» and of some of its consecutive deriva-
tives there. Thus in the Hermite interpolation formula, the value of the func-
tion and its first derivative are prescribed at some points in a given interval.
A general problem of interpolation was treated by Birkhoff in 1906, who con-
sidered a system of pairs of numbers (k;, x;) (¢=1, 2, - - -, n) where k; are
integers =0 and x; are any points in a given interval. Birkhoff’s main theorem
concerns the number of changes of sign of the kernel in the integral repre-
sentation of the remainder in a general interpolatory formula when the system
is a “normal” point system. For this purpose he has to classify the system of
points according as they are “conservative” or “nonconservative.” For greater
details see [7]. A more particular case #=2 was treated directly by Polya
when the system is not “normal” in the sense of Birkhoff. A similar case in
the complex plane has been treated by Cinquini [8]. But this general point
of view does not bring out the character of the interpolatory polynomials.

Recently in a series of papers [1;2; 3], Turén has treated Lacunary inter-
polation from a different point of view by considering what he calls (0, 2)-
interpolation, where the value of the function and its second derivative are
given at some points. He considers the problem of their existence, uniqueness,
and explicit representation and the problem of convergence.

In the papers [4; 5] we have been dealing with so called “Lacunary
interpolation.” The, terms (0, 1, 3) and (0, 1, 2, 4) interpolations have been
defined therein. By (0, 1, 2, 4) interpolation we mean the interpolation which
concerns 7 given points in [—1, 1],

1.1) 1zu>6>8B> - >ha>t.z —1

when the values of the function, its first, second and fourth derivatives are
prescribed at these # points. In other words

(1.2) f@) =a;,  ft)=10b;, fI)=c; [OU)=d;

for =1, 2, - - -, n; we want to determine the explicit forms of the poly-
nomials of degree <4n—1 which take the values a; at #;, whose first and
second derivatives at #; are respectively equal to b; and ¢; and whose fourth
derivative at ¢; is equal to d,. It has been shown that when we choose the »
points to be the real zeros of
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1.3) m(x) = n(n — 1) P, ()dt = (1 — 2®) P,_1(x)
-1
where P;(x) is the kth Legendre polynomial such that P(1) =1; these poly-
nomials exist if and only if # is even. So we take n =2k =4.
The object of this paper is to study the convergence of the polynomials
R, (x) of interpolation for which we showed in [5] that

R(®) = 204 + 0B + X 6C) + 3 D)

where A4,(x), B,(x), C,(x), D,(x) are polynomials each of degree =4n—1.
These polynomials are uniquely determined by the conditions:

0 j #Z v
(1.4 A) = {1 for 17, 4L =0, AV G) =0, 4G =0,
0 j
(1.5) B(x) =0, B/(x)= {1 for j L B/ =0, B @) =0,
0
(1.6) Cy(x)) =0, C/(x;) =0, C(x;) = {1 for]. V, ¢ (@) = o.
j=v
0 j

(L) D) =0, DiGs) =0, D) =0, BVGw) = { for "

j=v
wherej = 1,2, -, n.

2. We now consider the sequence of points

(2.1) 1=x1n>x2n> c D> Xpln > Xpn = _ly (71:4’6:"'72]3"")

where x,,’s stand for the zeros of 7,(x). Then forming the interpolatory poly-
nomials for each n =2k, we shall write the fundamental polynomials (1.4),
(1.5), (1.6) and (1.7) as A4,.(x), Byn(x), Cn(x), D,.(x) respectively. Let f(x)
be defined for [—1, 1]: we consider the sequence of polynomials

Rl f) = 32 10m) Ain(@) + 32 f(r) Bon(a)

(2.2) . n
+ Z Cvncvn(x) + Z d“”D"”(x)

r=1
with arbitrary numbers ¢,, and d,.. We shall prove the following

THEOREM. Let f(x) have the continuous derivative of order 2 in [—1, 1] with
continuity modulus w(8) of f''(x) such that

(2.3) fo “O'es

t3/2
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exists. Supposing that for arbitrary small €e>0 we have for n>mno(e) and
y= 1, 2’ s, M

(2.4) |cm| Sen, | dm| < en?,

the sequence R,(x, f) converges to f(x) uniformly in [=1, 1].

3. Preliminaries. The explicit forms of the fundamental functions 4,(x),
B,(x), Cy(x) and D,(x) which we have found in [5] are the following:

(a)

) 5
(3.1) Dl(x) = ____60n4(n _ 1)4{P,._1(x) + 3} y
_ r:(x) 5
3.2) D,(x) = m{f)n—l(x) - ?} ’

and for 2=v=n—1,

3
Dr=) = 2apm (ﬁzr;“(xv) [f -1 ‘n‘_l’(“t') T {1 fx2

3.3) ] " }P - 2T 1 ]
5(1 — &) Pus(m)f v 31 —2) (1= a)Pua(w) ]
(b) Denoting 72(x) by Qan(x),
Re) s 1 __ 0k
where
ri(x) = 3+ xlf(x) — lel(x)l{ (%)
(3.5) S ) .
+ {—E + m} 7r,,(x) (1 + 'g Pn—l(x))'
an( x) 5 1 Q1 (%)
where
@ = =% RRENE
3.7

4
+ {% + g;(—nl—_l)} a() <1 - %P”_l(x)>,
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and for 2=v=<n-—1,

_ Q2. (%) 2n(n — 1) 47, (x)
3.8) 0= o) ["(x) T 3a—a Pt ot S 00 - P
' _ 04 (2) ]
Inr(n — 1)1 — )P (x) )
where

n(@) = @) + {f O 4y [ U_(Z at

(3.9 2n(n — 1) P,s(x,) t—=x, IP g
n—1(%
R xﬁ)P:_xxa} ’
(%)
(3.9a) L(x) = —————(x el () ,
and
B ma(%) e = PJa(?)
P = = 1P () {(1 %) fl T
(3.10)
1= (229 4 0p (—x P >—4} ;
+( > at—ux " ’ 3P,_1(x,) ’
(c)
By(x) = :Z((xl)) {ul(x) + n(n57_6 b (T1n* — 14263 + 15102 — 80n — 12)wi(x)
20 = 1) 3t — 14605 + 137n7 — 64n + 12
(3.11) + 2B (130t — 14607 4+ 13708 — 6 + 1D}
(1)
—_ 1'."1(1) Cl(x),
where
_ Q‘M(x) _1_
6.1 o) = e {14 S P
_ Q2a(x) 1
(3.13) wa(%) = — m{l 5 Pn—l(x)} )
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uy(x) = ll(x) + "’((i) [h(x)if (%) — 100 (1)r1(2)]
n(in — 1)
(3.14) — 2 (n* — 2n% — 17n® 4+ 18n + 8)wi(x)
n(n — 1)
og (25n* = 50n? + 35u* — 10 — 48)u.(a).

and Ci(x) is the polynomial of degree <4n—1 given by (3.4).
ma(x)
ma (—1)

n(n — 1)
. {u,.(x) ~ e (73n* — 146n® + 13702 — 64n + 12)w,(x)

B,.(x) =

(3.15) ar— 1)

576
! (—1)

- m Ca(®),

(71n* — 14203 4 151n% — 80n — 12)w,,(x)}

where

() = ln(2) + [2u(2)0 (%) — 100 (= 1)7a()]

3 '( 1)
—1
(3.16) - "("96 ) (254 — 50m% + 35n% — 10m — 48)wr(a)
n(n — 1) v
+ 2 (n* — 203 — 1702 4+ 18n + 8)w.(x).

and C,(x) is the polynomial of degree <4n—1givenby (3.6). For 2<y=<n—1,

Tn _1 v
B(x) = ,((’0) l:u,(x) + H w,(x)
ni(n — 1)%, 3 12 5
GID S = Ber ) {(1 A Pia(m) | Poae) 12 xf} (%)

ni(n — 1)4% 3 12 5
+ 30(1 - 3(xv){(1 - xf)P _1(x,) + Pn-l(xy) - 1 — xf} w"(x)]v

where
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Q2a(%) n_l(t)
w) = e P 1(x,)|:f_1 =g, 4 Pe® {2(1

1 Pl a@) 1 1 n—l(t)
+Z _lt—x,dt}_{l—xf—i_? a t— }]
3 dn(n — 1)z, 2n4(n — 1)¢
610 w(x) = L(x) + —m wy(x) + m w1(%x)
' 2nt(n—1)%w.(x)

m 3(x) (1 + %) 3w, (x)

(d) Lastly, for 2<v=n—1 we have

(3.18)

~ma(2),(x)1) (%).

n(x) 2 ’ ”n
4,0 = B6) + 5 B0l @) = 98 (o)
S {(n D+ -t D)
(3.20) ( - xr) xr

3ni(n — 1) 10 n(n — 1) 2
+ 4(1 - xy)zPi_l(xy)ﬂ'nl (xv) {1 — % + (1 'I" xr)2<1 + Pn—l(xv))} Dl(x)

3n(n — 1) 10 nln — 1) 2
T e \Tr e -5

where

_ wa (%) n(n — ma(x)
v = ["(x) t3a2 xz) @)t T — P
(3.21)
_ Q2,n (x) ]
18n%(n — 1)2(1 — «3)P5_ (%)

and D;(x), D,(x) and D,(x) are the polynomials each of degree =4n—1 given
by (3.1), (3.2) and (3.3).

[ll<x>zl () — (90" (1) 4 101 *(1))v1(x)

n(n — 1)
1536

Ai(x) = ll(x) +

—_ 1711’ (1)“1(:)&3)] -

(804n° — 1913%#° — 1049%* + 535313

n(n — 1)
1536
+ 30351% — 280513 + 1352n% — 276n — 1440) D,(x),

(3.22)
— 12155 + 744n — 864) D (x) +

(65318 — 1959n°

where
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(n=D0+D) Qo) }
48n(n — 1) 32n(n — 1)f’

(%)

1l’,., (x 1)

(3.23) w(x) = {rl(x) + wa(x)-

An(x) = L(x) + ™(#) (28! (%) — (90" (—1) + 108! 2(—1))ea(x)
4r) (—1)
— 175 (= Dun(x)]
£ = 1) 5308 — 1050m5 + 3035m4
(3.24) 1536
— 28054% + 1352u% — 276n — 1440) Dy (x)
n(n — 1)
- (80478 — 191315 — 104944 + 535318 — 121542
1536
+ 744n — 864) Da(x),
where
() (n—2)(n+1) Q1n (%)
3.25)  va(x) = . A A = L
( ) w) m (—1) {r (=) + 48n(n — 1) (@) + 32n(n — 1)}

4. For our purposes we shall need some other representations of 4,(x),
B,(x), C,(x) and D,(x).
Using the integral

L Pl (¢ 2z, 2 1
(4.1) f Lo - :
a t—ux 1 - xf 1-— xf P,,_l(x,)

we have forv=2,3, - - -, n—1,
(@)
_ * Pia() %
4.2 Dif=) = 24P _(x)m) 3(x,)[f_1 T {1 —
) 3 2 + 3%, 1
e x%)P,._«xy)} Poi® i Y e ar -1<x,>]’
and
_ m® * PL() x
D) = S aym S(x,)[f, T {1 — 2
.3 3 2 — 3z 1
S S1—a)P _l(x»} Proi® = s T T A xf)P,._l(x»]‘
(b) Since

Q;,(l) = 2n¥(n — 1)2 = Qm( — 1),
and Qg (x,) = 2w, %(x,) we have from (3.4), (3.8), (3.6), (1.3) and (5.3)



368 R. B. SAXENA [May

) 51
o Ol == 1)2["(x) + {5 18n(n — 1)} (%)

! P
‘- n_1<x>wn<x>],

()

i) - 5 1 ,
n(f) = m[n(@ - {;—2‘ - m} rn(x)

(4.5) 1
- Pn-l(x)m.(x):l,
and for 2Zv<n—1,

1r,2.(x) 2n(n — 1)

G = g [r,<x> o

21!',,(95) Pﬂ—l(x)
+ In(n — (1 — 22) Piy(x,) {2 B P,.-l(x»} ]

(c) To simplify By(x) and B,(x) we use the following results [1]:

(4.6)

(1) = — n(n — 1) = (=1)*'x) (—1),
" n2(n - 1)2 ”
Tn (1) = — ‘—E-—" = (—1)”7rn (_1)7
and then we have
Tn -1
B = = (16)1) [ul(x) + "("576 ) (130t — 146n% + 13702 — 64n
+ 12)wa(x)
n(n — 1)
4.7 -+ 76 (7T1nt — 14253 4+ 151n® — 80n — 12)w1(x):|
n(n — 1) o).
Bu(x) = ) [u ) = " Y i a6 + 13702 — 6n
" atn— 1L 576
+ 12)0)1(36)
n(n — 1)
(4.8) i (T1n* — 14243 + 151n% — 80n — 12)w,.(x):|
n(n — 1)

5 Cn(x).
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From (3.17), (3.12), (3.13) etc. we have for 2Zv=<n—1,

(%)

B,(x) = —
n(n — 1)P,1(x,)
n(” —_ 1)xv xv"r:(x)
(4.9) ~[u»<x> T Y T M= P )

(g 2]
1—a Poa(x)\1 — ’

(d) To simplify 4:(x) and A.(x) we need the following results which are
easy to verify from (3.9a) (see [4]).

nn —1 -1
1;(1):%, ln’(—-l)=—n—(7iz——)’
, -2 1 -2 1
Q) = (_’f___)ﬁ”'_)u(l), I(—1) = — MU(—I),
6 6
Thus we have
3 4 1 3
Al(x) = z‘ ll(x) + Z P,._l(x)ll(x)
(%)
+ T {4n® — 4n — 3)oi(x) — 17u(2)}
n(n — 1)
(4.10) ~ e (804n° — 191355 — 1049#* + 535313 — 1215n2
+ 744n — 864) D;(x)
n(n — 1)
+ RETIY (653n° — 1559715 4+ 3035n* — 2805%#% + 1352n2

— 276n — 1440) D,(x).

3 4 1 3
A,,(x) = Z ,.(x) - Z Pn—l(x)ln(x)

Ta(x)
-~ 6 {(4n? — 4n — 3)v.(2) — 1Tun(x)}
) (65318 — 1559715 + 303544 — 2805n° + 1352n2
(4.11) 1536
— 276n — 1440) Dy(%)
n(n — 1)
— ~ayg (804n® — 19134% — 1049n* 4 5353n° — 1215n*

+ 744n — 864) D, (x).
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Since )/ (x,) = —n(n—1)/3(1—«?) (see [5]), a little calculation shows that

_ i 4 i P, y(x) 3 _ i ma(2)0,(%)
Av(x) = 4 lv(x) + 4 P,,_l(x,.) ll‘(x) 4 (1 _ xz)Pn—l(xv)
r:(x) 2 (5x,(3 + x?,) n(n — 1)
(4.12) + 8n3(n — 1)¥(1 — &%)2P%_ () [?{ 1—4a2 + Pry(x) }Pn_l(x)

3n(n — 1)
(1 —4)?

5. We shall use some well-known facts about Legendre polynomials. For
—1=x=1 we have [3]

2
8%,

{—(n = D+ D)+ 1=} Do)

v

1

(5.1) | ()| = (2n/m)102,

(5.2) | Pa(x)| =1,

the equation

(5.3) (1 — 22) Pp(x) — 2aPn(x) + m(m + 1) Pp(x) = 0

and for the polynomials /;(x)

(5.4 o= X W s, (-1S2S1L,7=1,2,n).

y=1
We shall also use Markov's and S. Bernstein’s inequalities according to
which, for a polynomial g(x) of degree <m and real coefficients, we have for
—1=x=1

(5.5) | g(®| = m? max |g@],
—1=Zz=1
and
(5.6) 1g@] Sm/(1 - max |g@)]
—1=z=1

respectively.

The following results have been proved by Turin and Baldzs [3].

Forn=2,4,---,v=23,4,---,n/2.
(5.7) | Puca(x) | = 1/(8vm)tr2,
(5.8) (1 —m) > v/4(n—1)°.

We shall further make use of the estimates of p,(x) and 7,(x) as obtained
by Turén and Baldzs [3].
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Forn=4,6,---,and —1=x=<1 we have

(5.9) I ri(x) | < % + 2nl/2, | ra(%) I < -; + 25172,

1/2
(5.10) |n@)]| = s7r(ﬁ> , for2<v <

14

Nl=

(5.11) | (@] §877r(

lzll()|(1 12 vs,z 1
|ov(@) | < (8m)V ——(7—5— 2 4 128r (n)

n \2 n
) , for—4+1=2v=n-1,
- 2

(5.12)

L) | (1 = z)(m—»)""
nin — 1)

n — v\%? 1
> — forn/24+1=<v=n-—1.

[ o) | = (8x)12
(5.13)

+ 1281r(

n

Lastly we shall require the following results which have been obtained
by Dr. A. Sharma and myself [6]:

1 1
(5.14) I wl(x) | = m’ | 'wn(x) I = nz(n _ 1)3 ’
sem™” (1 - )| L@| AV,
(5.15) |w(x)| = 3 na/z(n — 1)z v+ 256 ( ) (n—1)¥
for2 <= v < n/2,

and
619 o] s d-=lb@l zsor (") 7

. s =73 a/z(n )2 n ) (n—1)%

forn/2+1=<v=n-—1.
(.17 | #1(%) | < 3n1? + 2u, I () | < 3nt% 4 24,
128(2m)/? 1, 2(27p) 112
o] 5 1200 ALy g 8 20000
v

v?

(5.18) ,
+ | 5|, for2 < » < n/2,
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and
128(2m)'7? l 2(2)1/2
| w@)| = @) n‘”' @| gy @) (n — 9172, (x)
3 n—v (n —_ V)2 3
(5.19) )
+?|l3(x)|, forn/24+1<v<n—1,

(5.20) | vl(x)| < 4/n; I vn(x)| < 4/n,

1/2 1/
| o) I < 981~ 8(2r) 'VI (&) | n 64(2x)1/2
(5.21) 3nt2(n — 1) 3npli?
) for2 = v < n/2,
981 8(2m)1/2 64(2m)1/2
|o(2)| < i (2) (n—»)|L@)| + ____(_71_.,
(5.22) 3Intl2(n — 1) 3n(n — v)1/?

forn/2+1=v=n-—1.

6. Investigation of the fundamental polynomials of the fourth kind. In
this section we shall estimate the quantity

> | D@ .
y=1
Forn=4,6,8,--- and —1=x=<1,
< 1 < 1
(6.1) | Dy(2) | =m? | Da(x) | S i =1 .

For the further fundamental polynomials we have

LEMMA 6.1. For n=4,6,8, - - - and —1=x=1 we have

460" L@ A — oy’ p\&2 1
()| < : 128 ( — )
6.2) Pl = 3 n*(n — 1)° + T(n> (n—1)*
' for2 < v < n/2,
D] < 460" @) | A =@ — "
W= ni(n — 1)3
(6.3)
n—r\* 1
+1281r( " ) (n-—l)" forn/24+1=v=n-—1.

Proof. Obviously it suffices to prove the first assertion. First let x <x, <1.

Since
n’_ 1 n—1\X, 1 Pﬂ—
‘f” Z l(t) ’ ( ) f l(t) ,

1 b= % x— 14 = -1 (¢ — x,)?
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we have owing to (5.2)

UzP,.’_l(t) l 2 + 1 <2( 1 + 1 )
1 l— % n—2x 1+ax x—x 1—2a)

Then (4.2) gives, owing to (3.9a) and (5.2),

I\

l D,(x) I < _1_. W:(x) . l lv(x) I 1 I w:(x) I
(6 4) v = 12 1l'n, 2(x,.) l P:‘I_.l(x,) | 4 | T 3(x’) | I Pn—l(xv) |
. 1

A=) Poalmn)|
Since from (5.3) (1—x2)P}"_,(x,) = —n(n—1)P,_1(x,) and from (1.3)

Tn (xr) = - n(” - I)P —l(xr)’
we have from (6.4), owing to (5.1) and (5.7)
1/2
48r)  [h@] (- o sz
Dl == (1)

For —1<x,<x the estimate runs similarly, since we have again

n—l(t) 1 1
2 .
f, t—x, < {x—x,-l_l—xf}

For x=x, the lemma obviously holds. From Lemma 6.1, we can deduce

LeMMA 6.2. We have for n=4, 6, 8, - - - and —1=x=1 the estimation
71r

> D] = —

re=1

Proof. From (6.1) and Lemma 6.1 we obtain
2 4(8x)1/2 1

< .

-l nb/2(n — 1)4 3 n(n — 1)3

801r
[Evmll(x)l + 3 (n—v)*/zu(x)I]

pem]l y=n/2+1
811r 8(87r)”2 1 (nl2 3)1/2( n, )1/2
. L(x
n? T 3 n*(n — 1)3 g ’ .z..:1 (=)

81r 16w 9ir

n? nd nd
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7. Investigation of the fundamental polynomials of the third kind. We
have the following
LEmMA 7.1. For n=4,6,38, - - - and —15x=1 the estimation
(7.1) |C@| <1/ -1, |C@| <1/ - 1)
hold.

Proof. It is enough to consider Ci(x) only. Knowing the estimates of 7,(x)
(5.9), we have from (4.4), using (5.1) and (5.2)

1 (1 + 2 1/2 + <2n>1I2> < l
mn(n — 1)2\ 4 " T (n — 1)?

LEMMA 7.2. For n=4,6,8, - - - and —1=x=1 we have

2(8m) 12

| Ci) | =

Further we have

| Cx)| < _ 8 {2301-(751;)1/2 + @) | v3/2}f0r2 <v=n/2
n(n — 1)2

and
2(8m)t/2
3

| l»(x)l (n — v)3/2}

forn/24+1=<v=n-—1.

| Cy(x) I = ;2;23_—1)2{2307.-("(” — )24

Proof. We confine ourselves to the case 2=<v=#/2. From (4.6), using the
estimates of 7,(x) and p,(x) in (5.10) and (5.12), and also using (5.1), (5.2),
(5.7) and (5.8) we have

(@) 2n(n — 1)
1060 = 3ol )+ 100 Sy
2 (%)
S e ST

<& {87 (”)1/2+2(87r)”2 | L(x) | v172
~ nln — 1)? i v 3 i
3/2
107
O G — D - =
2(8m)1/2
< -——-{2307(11,1/)”2 + | 2,() | ym} )
n(n — 1)2

From Lemma 7.1 and Lemma 7.2 it follows
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LEMMA 7.3. For n=4,6, 8, -+ - and —1=x=1 we have the estimation
9368
|C,(x)[ <
=l n 5
Proof.
n 2 18407 n/2
C, < 1/2 — J)1/2
E I (x)l (n — 1)? T nl2(n — ( y.zz g +;-§2+1(” ) )
16 8 1/2 n/2
——(—”)—( Y@t S e [(n=s)
3”(” - v=n /241
2 36807‘. nl/2 32(81)1/2 n/2 1/2 n 1/2
: () (£)
m—m+www4y§” +um—n2§” 25
2 1840xr n 4(8w)12 4 2 9368

<m—nﬁ'wmm—nfw—nz 3 =1 n

8. Investigation of the fundamental polynomials of the second kind. In
this section we shall estimate the quantity

2 | B@)-

y=1

We need
LeEMMA 8.1. For n=4,6,8, - - and —1=x=1
| Bi(@)| =4; | Bu(@)]| =4
Proof. From (4.7), (5.1), (5.14), (5.17), and (7.1)

2n 1 e “
ol = (7)ot e T e

< g <

Similarly [B,.(x)l =4. For the further fundamental polynomials we have

LEMMA 8.2. For n=4,6,8, - - -, —1=<x=<1 we have

| B.()| = ;m(:—_l)[moll,(x)l(%)l + b 2 + :|

for2 = v < n/2,

and
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4 n \1/2
I Bv(x) | = m[la)l l,(x) I <-n———y> + ko

(n — v)302

+ 200 — P)l(x) + (0 — y)‘”], forn/2+1<v<n—1.

Proof. Again we confine ourselves to prove the first assertion. From (4.9)
using (5.15), (5.18) we have for 2=Sv=<n/2

| ma(®) | 128212 | L(x)|  2V%an
B, =< 1/2
3@ = —l)lP,,_l(xy)l[ s T T,
2(2m)12 8(2m)1/2 | 4,(x) | »

2 2 3
v D) + 3 o+ 3 2 (n — 1)1 — «)

256mv? + (%)
n(n — 1)2(1 — 23?2 180(1 — aBn2(n — 1)2| P2 () |

(e

Then using (5.1), (5.2), (5.4), (5.7) and (5.8) we have

4y112 128(2m) V2 | 4,(%) | Wan  22mYE
B, < . cpll2 2
| <x>|_nl,2(n_l)[ g e 2y 2O
2 3 320212 | (x) | (n — 1)
+ _3" ' lr(x) | + 3 N ol
r(n —1)2 10.28 (n — 1)2]
212,
+ nv? + 9 i v?
4 1/2 Y
< m[l + 160n12. 0 asi )| + kw — + 2v1/212(x):|
since
10 N | Pocs(2) | <12 N 3 ) - 25
1— IPn—l(xV)| 1—x =(1_xﬁ)|Pn—l(xV)I

From Lemma 8.1 and Lemma 8.2 it follows

LEMMA 8.3. For n=4,6,8, - - - and —1=x=1 we have the estimation

> B@)| = ke

pe=l
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Proof. From Lemma 8.1 and Lemma 8.2.

n n—1 n/2 , n—1 l,.
SIB@| s8+3 | B S8+ [le<x>l+ S <x>|_]

pe1 =2 -1 p1i2 ymnsz1 (B — )12
4ptl nl2
+ km[ Z,,—s/z + Z (n — »)- z/z:l
n—1 =2 yen /241

8 n/2 2 n—1 2
e DI CR D R E]

n”’(n pe=2 yamn (241

+m[§1’”2+ § (n‘-l')‘“]

pa=2 v=n/2+1
1280 nl/2 1 1/2 n 1/2
<8+ ———( )> ——) ( > lf(x))
- 1 vl V pam]

kzo 16 n/2 1/2 n 4 8 ( n/2 1/2

it T 2 1, -
+m/z+ n2(n — 1)(,‘?{”) <§ (x)) + -1 §y>

log n

k2o
< ka + _1—12+ kaz < kos.
n

9. Investigation of the fundamental polynomials of the first kind. Here
we shall estimate the quantity

2\_.: ' Ar(x)l .

=]

We prove
LeMMA 9.1. For n=4,6,8, - - - and —1=x=1 we have
| 4:(x)| =< 16n%12; | 4a(2)| < t6m32,

Proof. From (4.10), (5.20), (5.17), (6.1), (5.1), (5.2) and (5.4) we at once
get
S5nd

2n8%(n — 1)¢

2n\1/2 4
| 41(x)| =14+ — ( ) (6n2-—+17(3n1/2+2n)>+
™ n

3/2

<1+

+ 10#3/2 < 16n3/2,

LeMMA 9.2. For n=4,6,8, - - - and —1=x=1 we have

l
l ()I for2§v§i,
pii2 2

3/2
(9'1) l Av(x)l < ki + kBt 4 By (_n_) + ki
14

and
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3/2 l 1,(x) l
) +ro

forn/2+1Zv=n-—1.

9.2) | 4@)]| = ki ka(n — 912+ k3(

n-—yv

Proof. As before we shall prove the first assertion. From (4.12), (6.1), (6.2)
etc. we have

5/2
= v

wone (e ) ";fi?'“%(v)m]

+ 256@,,)1/2[ + L 2(8#)1/2] o,

»2 5y812

3 1 e 12%
| 4@ =+ @+ —

Using (5.21), we get
| ()|

pl/2

n 3/2
| 4,(x) | < kit kaV2+ By (——) + kan- ,  for2 v =n/2,
14

with numerical &, k2, ks and k..
From Lemma 9.1 and Lemma 9.2 it follows
LEMMA 9.3. For n=4,6,8, - -+ and —1=x=1 we have

24| = keni

el

Proof.

n n/2 n—1
> | Aux)| < 32032 4 (n — 3)ks + kz{ St > (n— v)1/2}
y=1

v=2 v=n[2+1

n/2 / N\ 312 n—1 n 3/2
e[ 50() + 5,65 ]
y=2 \ V yen/24+1 \H — ¥V

[gwml 3 Mml]

ym2 v=n[2+41 (11 - V)llz

n/2 1 1/2 n 9 1/2
< ksendl2 4 k4-2n< > —> (E z,(x)> < ken®'2.

y=1 V y=1

10. Lemmas on Jackson means. Let ¢(f) have the period 2w, then the
Jackson means of ¢(f) is
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t—90
4

sin »n

3 * 2

10.1 a0, ) = ———— | ———| dt.
(10.1) Ix(6,¢) 21rn(2n2+1)f_,¢() L t—0
sin -—-Z£-

An alternative form of J,(0, ¢) is well-known:

3 /2 sin n#\*
(10.2) J.(0,¢) = mﬁ {¢(0 + 2t) + ¢(6 — 2‘)} ( " > dt.

sin /

From (10.2) it follows

6 12 /sin ni\*
(10.3) 1=—————-———f ( - )dt
n(2n? + 1) J o sin ¢

Under the hypothesis in our theorem, if ¢(6) is continuously derivable in
[—1, 1], and wi(8), the modulus of continuity of ¢'(0) satisfying the condition
that

(10.4) f @@

t8/2

exists, then we can prove the following modification of Baldzs-Turén’s
Lemma (5.1) in [3].

LeMMmA 10.1 If ¢(0) is everywhere continuously derivable and satisfies the
condition (10.4) then for an arbitrary ¢ >0 we have for n>mnq(€)

| 6(6) — Ja(6, 9)| = ¢/m?2.
From this we at once have

LemMA 10.2. Let
20) - [ "6(6) sin 04,
then °
|®(0) — j: J+(0,) sin 0d6 | < (¢/n¥2) (1 — cos 6).
Now let f(x) be continuously derivable of order 2 in [—1, 1] and

(10.4) ¢(6) = f'(cos 6).

Let w(0) be the continuity module of f/(x) for —1<x=1 with existing

(@)
[0
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If max_j<.<1 |f”(x)| = M then denoting the continuity module of ¢’(d) by
w1(6) we have

d d
8) = — ¢(0 — | — (8
wi(®) 10'23'}?@ Ldo ¢ ):L-a" [d(? ¢ )]o=a'

= max _d—‘f,f«coso)]a:o,,—[%f’(“’s”]w

16077 —6’| <&

I ) - _[de(x) =]

167’ —0'j <8 | L dx? dx?

r=c08 877
< w(8) + M3,
i.e., the integral
w(?
(10.5) fo 02’2) a9
exists.

We consider the polynomials J,(8, ¢) belonging to ¢(8) =f" (cos 8). Since
¢ () is now even, J,(0, ¢) is a pure cosine polynomial of order 2n—2 i.e.,
Ja(arc cos x, ¢) =m.—2(x) is a rational polynomial of degree (2n—2) and

(%) = ——— f 12{ ( )

Ton—2(X ¢(arc cos x + 2¢
2n? +

(1 ‘ ) 1!'”( n 1) 0

sin nf\*
+ ¢(arc cos x — Zt)} ( ) dt.

sin ¢

Lemma 10.1 gives for —1<x <1, arbitrary small ¢>0 and n>n;(¢)

(10.7) | wono2(2) — f'(x)| = ¢/n2
Putting
(10.8) Pz,._l(x) = fzn,,_.g(x)dx.

Lemma 10.2 at once gives for —1<x =<1, arbitrary small ¢>0 and 7n>n(e)
(10.9) | Ponoa(x) — f(x) + (1) | < 2¢/md'2.

Differentiating (10.6) one times according to x we get

= 3 f”’ {(d¢(u)>
Tom—2\¥) = 1m(2n2 + 1)(1 —_ x2)ll2 0 AU /u=arc cos z+2t

" (dqb(u)) } < si’n nt)‘dl.
du  /u=arc cos z—2t sin ¢

(10.10)
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From (10.10) we have the

LeEMMA 10.3. For —1<x<1, we have for n>n3(€) for the ma.—o(x) defined
in (10.6) the estimation

, df’(cos 6)
| wons(x)| < T, .

A—ay g
Proof. Denoting

ar’ ]
max —f (cos )‘ = M,,
0 do

we have from (10.10) and (10.3)

/2 3 4
(10.11) | wima(x)| = M 6 f (Sm”‘> oM
(A=) 7n2n? + 1)Jo \sin¢ (1 — a2/

Lemma 10.3 does not give any information for x= +1. This is given by
LeEMMA 10.4. We have for the Tan_o(x) defined in (10.6) the estimation
I Wén-Z(i 1)' < kinl/2,

The proof of this Lemma is obvious from Lemma 5.3 in [3].
The following Lemmas have been proved exactly as by Tur4dn and Bal4zs

[3].

LeMMA 10.5. For —1<x<1 we have for n>ny(e€) for mwa,—o(x) defined in
(10.6) the estimation

1 df’(cos 6)

——— max
(1— a2 do

LeMMA 10.6. We have for the mwan—2(x) defined in (10.6) the estimation

| mona(x) | =

| wom—2(£1)| < kmdr2,

From Lemma 10.5 and using the S. Bernstein’s inequality (5.6) we have
for —1 <x <1 for m._2(x) defined in (10.6) the estimation

df’(cos 6) ‘ " en®l?
do (1 — x2)3/2

2n
(10.12) ‘n’lz,nl—2(x)| = m max

From Lemma 10.6 and using Markov’s inequality (5.5) we have

nr

(10.13) mon2(+1)| = ken®',

11. The proof of the theorem. The lemmas given before very easily prove



382 R. B. SAXENA [May

our theorem. Owing to the uniqueness theorem in [5] we have for the poly-
nomials Pa,—1(x) in (10.8)

P2n—1(x) = i P2n—l(xvn)Avn(x) + i P;n—l(xvn)Bm(x)

y=1 y=1
(11 . 1) + Z Plz;—l(xm)cm(x) + Z P;i)—l(xm) Dvn(x)’
y=1 y=1

P2n~—l(x) = i P2n—1(xvn)Avn(x) + i 7r2n—2(xvn)an(x)

(11.2)

+ Z Wgn—?(xvn)cvn(x) + Z 7r2,r,:,—2(xvn) Dvn(x)o

v=1 v=1

Hence owing to (11.2), (2.2), (2.4) and the remark that in (2.2)

(11.3) S 4@ =1

p=1
we have for n>ng(e)

| f@) = Ra(r, )| < | f(%) — (1) = Poacs(®) |
+ ‘ i: [P2n—l(xvn) - f(xvn) +f(1)]Am(x)

+ Z’:: [7r2n—2(xvn) - f/(xvn)]an(x)
+ 3 [rdaea(n) = ) Con()

+ i [rzl,l,'_z(xm) - dl'n]DM(x)l
(11.4) < | @) = f1) = Panca(®) |

+ 3 | An@)| max | f0) = Prucsli) + 51 |

y=1

-+ i l B:i)[ —ins%))il If/(v) — m2n—2(0) | + en i I Cvn(x)l

v=1 v=1

4+ 3 [ mtoalen) | | Con®) | + en® 3 | Do)

r=1

+ X | mona(ma) | | Dm(@)] .
y=1

Using (10.9) and Lemma 9.3 the first two terms tend to O uniformly for
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—1=<x=1; so does the third term owing to (10.7) and Lemma 8.3. Similarly

fourth and sixth terms tend to 0 uniformly in [—1, 1] owing to Lemma 7.3
and Lemma 6.2 respectively. To estimate the fifth and last terms in (11.4)

Z l W;n—Z(xm) | l Cm(x) I = S’
Pu=]

Z l 7";:;,—2(xm)| | Dm(x)l = T,
ye=l
we write owing to (2.1)
S = |7ma()| | Ca@) ]| + | 7one(—1)| | Con(®) |

+ nz_: I T 2n—2(%vn) | l Cn(®) | -

=2

(11.5)

Lemma 10.4 and (7.1) obviously give for the first two terms in (11.5) the
upper bound kgn~3/2, In order to estimate

n—1
S = Z I 7"£n—2(xm)| l Cm(x)l
P2

we use Lemma 10.3 and Lemma 7.2. These give

- M, 2(8m)112
|51 5 ko Z‘E n(n—1)*(1—a;,)"* {230W(ny)1/2 + | 1) | ”8/2}

=S/ +S{'.
Using (5.8) we have

230rM, "=l 2
il — 1) i (1 — &)

ok ni RPN

n1/2(n —_ 1)1/2 y—2 V1/2 nllz

2(8x)12 1 n=l | g, (x) [po2
T3 TTam— 0t S A -

Sl, = ko

(11.6)

’
1

= R10
1 n—1
< kla'—_ Z l l,(x)l yl/2,

nin — 1),

The Schwarz’s inequality gives

' 1 n 1/2 n 5 1/2 ku
11.7 S < big———( v LE)) <—-
n(n — 1)\ = p— n

Similarly
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e 11"

T = | 7r2,,_2(1)l I Dm(x)l + l 7"2n—2("1)| ‘ Dnn(x)l

11.8 = | _m
(11.8) + 20 | won—2(@n) | | Dun(®) | .

y=2
(10.13) and (6.1) give for the first two terms in (11.8) the upper bound kizn—2.
In order to estimate Ty = »_"23 | mh_2(%,n) | | Dyn(x) | we use (10.12) and Lemma
6.1. These give

n—1

2n ent/?
Tlgka{Ml-(l + }

— ) (1= )

y=2
{ [ L) | (1 - :)czy,.)vsl2 + y }
(11.9) ni(n — 1)8 n8i2(n — 1)4
. . nil{ 2M, enll? } llw.(x) I 2312
e U=l (1= )V) n(n — 1)
o= M, enl/? 512
k + }
+ ks Z‘;{(l —xfw 21— xfn)am w2 (n — 1)4
=T+ i+ 10"+ 17",
My 2 | bnl@) [ My & |
Tl’=k16 ! Z! ()lV <8k16 1 Zl ()I
(11.10) n(n =10 (1= ) wn — 1) 5 o
. M,logn
< hp——p—-
n
e B 0L
(11.11) T — 1) S (1= a2
. e :
_— /
< Hhe n'*(n — 1)* E P2 @) |
2M, ! 52 oM, 11 M,
2
(11.12) Ty = ki ETTETYD Sl xf,.)2< 16k16 — 2 7 < ks i
’ n—1 1,5/2
T/l 12 _ km € :
(11.13) nin — Dtz (1= 2,)""
| < 8k L NP
16 n(n — 1) = e 19 "

(11.4) to (11.13) complete the proof of the theorem.
I am grateful to Dr. A. Sharma for his help and guidance in the prepara-
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