
CONVERGENCE OF INTERPOLATORY POLYNOMIALS,

(0, 1, 2, 4) INTERPOLATION
BY

R. B. SAXENA

1. Introduction. In most of the problems of interpolation we prescribe the

values of a function at some points x,-- and of some of its consecutive deriva-

tives there. Thus in the Hermite interpolation formula, the value of the func-

tion and its first derivative are prescribed at some points in a given interval.

A general problem of interpolation was treated by Birkhoff in 1906, who con-

sidered a system of pairs of numbers (ki, xi) (i = l, 2, ■ ■ ■ , n) where ki are

integers ^0 and x,- are any points in a given interval. Birkhoff's main theorem

concerns the number of changes of sign of the kernel in the integral repre-

sentation of the remainder in a general interpolatory formula when the system

is a "normal" point system. For this purpose he has to classify the system of

points according as they are "conservative" or "nonconservative." For greater

details see [7]. A more particular case 77 = 2 was treated directly by Polya

when the system is not "normal" in the sense of Birkhoff. A similar case in

the complex plane has been treated by Cinquini [8]. But this general point

of view does not bring out the character of the interpolatory polynomials.

Recently in a series of papers [l; 2; 3], Turan has treated Lacunary inter-

polation from a different point of view by considering what he calls (0, 2)-

interpolation, where the value of the function and its second derivative are

given at some points. He considers the problem of their existence, uniqueness,

and explicit representation and the problem of convergence.

In the papers [4; 5] we have been dealing with so called "Lacunary

interpolation." The^ terms (0, 1, 3) and (0, 1, 2, 4) interpolations have been

defined therein. By (0, 1, 2, 4) interpolation we mean the interpolation which

concerns n given points in [ — 1, l],

(1.1) 1 ^ h > t2 > h >   ■ ■ ■ > tn-i > tn ^ - 1

when the values of the function, its first, second and fourth derivatives are

prescribed at these 77 points. In other words

(1.2) fih) = a<,      fit/) = bh      fit/) = a,      fM{tt) = di

for i—1, 2, •••,«; we want to determine the explicit forms of the poly-

nomials of degree S^n — l which take the values a, at ti, whose first and

second derivatives at /; are respectively equal to b, and c,- and whose fourth

derivative at t, is equal to df. It has been shown that when we choose the n

points to be the real zeros of
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(1.3) 7Tn(x) = n(n - 1)  f   Pn-i(t)dt = (1 - x2)P/-i(x)

where P*(x) is the &th Legendre polynomial such that P„(l) = 1; these poly-

nomials exist if and only if re is even. So we take re = 2k S_4.

The object of this paper is to study the convergence of the polynomials

Rn(x) of interpolation for which we showed in [5] that

n n n n

Pn(x) = X) a,A,(x) + _C hBv(x) + _£ c,C,(x) + _C drDv(x)
v—l v=l v—l v—l

where A,(x), B,(x), d(x), Dy(x) are polynomials each of degree _24re — 1.

These polynomials are uniquely determined by the conditions:

CO j  9^  V (4)
(1.4) Av(xf) = \    for ,    _4.(xy)=0,    Ai'(xf) = 0,    A,   (xf) = 0,

U        j = v

(0 i 7^  V (4)
(1.5) B,(xf) = 0,    Pf(xy) =        for ,    B'f(xf) = 0,    B,   (xf) = 0,

(1        j = v

(0 j   9^   V (4)
(1.6) C,(xf) = 0,    Ci(xf) = 0,    Ci'(xf) = <    for ,    C,   (xf) = 0.

U        j = v

(4) (0 j 9^   V
(1.7) D,(xf) = 0,    Di(xf) = 0,    Di'(xf) = 0,    D\   (xf) = {    for

(1        j = v

where/ = 1, 2, • ■ • , re.

2. We now consider the sequence of points

(2.1)     1 = Xi„ > Xin >   •  •  •  > X„_i,„ > xn„ =   —  1,   (re = 4, 6, • • • , 2k, - - • )

where x„„'s stand for the zeros of ir„(x). Then forming the interpolatory poly-

nomials for each n = 2k, we shall write the fundamental polynomials (1.4),

(1.5), (1.6) and (1.7) as Avn(x), Bvn(x), Cvn(x), Dvn(x) respectively. Let/(x)

be defined for [ — 1, l]: we consider the sequence of polynomials

n n

Rn(x,f)   =   Z~^f(X>ri)Am(x) + Z^lf'(Xyn)Byn(x)
v=l »=1

n n

~T~   ? . Cvn\->vn\X)     \     / . avnUyn\X)

v=l v—l

with arbitrary numbers cvn and dpn. We shall prove the following

Theorem. Letf(x) have the continuous derivative of order 2 in [—1, l] with

continuity modulus co(5) of f"(x) such that

(2.3) —^-Idt
Jo   t3'2
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exists.  Supposing that for arbitrary small e>0 we have for n>n0ie)  and

v = l, 2, • • • , n;

(2.4) | e„„|   S en, \ dm\   S en3,

the sequence P„(x,/) converges to fix) uniformly in [=1, l].

3. Preliminaries. The explicit forms of the fundamental functions A,ix),

B,(x), C,(x) and Dv(x) which we have found in [5] are the following:

(a)

(3.1) Di(x) = - ——±L— \ Pn-i(x) + -[,
60774(77 - l)4 ( 3)

3

7T„(x) I 5 )
(3.2) Dn(x) = -—±±— \ Pn_,(x) -      L

60774(77 — l)4 I 3 )

and for 2 S v S n — 1,

tt3„(x) r   rx Pn-lit) (    X,
DJx) =-     I    -dt - <

24P^1(z,K3(x,) L J-i t - x, ll - x2

3 ) 2 + 3x, 1 I
-:-> P»-i(x)-■ +-  .

5(1 - x2APn-iixv)) 3(1-xp      (l-xpP„_i(x,)J

(b) Denoting 7r*(x) by <22»(x),

(3.4)    Ci(x) =-\tAx) +-Unix)-> ,
(2'2'„(1)  I \72      1877(77 - 1)/    V '      16»(n - 1)/

where

3  + X   2 1   —  X2
ri(x) = —-— hix)-hix)l{ ix)

4 4
(3.5)

(3'6) C"W = W^Xnix) ~\n~ iAMn~-T)hix) + 1^77^1)1'

where

3 — x   2 1 — x2
fnW   = -—"  kix)  -\-lnix)lf (x)

4 4
(3.7)

+ {i^ + ^77^}^)(1-TP-lW)'
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and for 2__|p_3W — 1,

„,,  G.»(*) r ,., in{~n -v ,.,        ^w
G„(x) =-   r,(x) -.-— p„(x) H-—-

Q'fnM L 3(1 - a*) 9re(« - 1)(1 - #_?»___(*)
(3.8J

_&'»(*) "j

9n*(n-mi-*,)n-i(x.)i'

where

.   , ,2,   .      , *»(*) (    /•»   //(/) /•*     li(t)
r,(x) = l,(x) H-<   I    -cf. +  I     -dt

2n(n — l)P„_i(x„) (J i  t — xy J_i / — x,
\3 ■")

Pn-l(x) \

3(1 - xDK-iM) '

1Tn(x)

(3.9a) /,(*) =       _    \ >

and

x„(x) /        s f'f.'-iM _■.
pK(x) =-<(1 — x„)  I    -dt

4n2(n - !)*_*__(*,) I J i   t - x,
(3.10)

2       rX Pn-l(t) ( 1 \ )
+ (1 - Xy)        -dt + 2Pn-i(x)    - Xy +-—) - \\ ;

J -i t — x, \ 3P„_i(x„)/        J

(c)

■n-Jx)   ( n(n — 1)
Bi(x) = —— \ui(x) + —-(71m4 - 142m3 + 151m2 - 80m - 12)coi(x)

x„'(l) I 576

m(m —  1) \
(3.11) -I-(73m4 - 146w3 + 137re2 - 64m + I2)un(x)\

576 j

-Ci(x),
r.'(l)

where

Qin(x)      (        1 )
(3.12) „.(*)__,-J:-     J1+      p__l(at)L

6m3(m — l)3 ( 2 J

Qln(x) C 1 )
(3.13) «,(*) =  - —^-^— J1 - - P„_i(x) \ ,

6m3(m — l)3 ( 2 1
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«i(x) = llix) + -p^- [hix)Uix) - 10hil)nix)]
37T„ (1)

77(77  —   1)
(3.14)- (re4 - 2t73 - 17«2 + I877 + 8)wi(x)

+ nn~   > (25M4 _ 50w3 + 35k2 _ 10w _ 48)o,n(x).
96

and Ci(x) is the polynomial of degree S^n—1 given by (3.4).

R . .        *■»(*)

MX) = ttT^I)
I                77(77 — 1)

• Unix)-(73t74 - 14677s + 137772 - 6477 + 12)coi(x)

(3-15) r      n "677(77 — 1) ^

-(71774 -  142773 +  151772 - 8077 -  12)con(x)^

where

«.(*) = llix) +     T"X      [lnix)lfix) - 10/„'(-l)r„(x)]
37T„ (—1)

77(77 — 1)
(3.16)-(25t74 - 50773 + 35t72 - IO77 - 48)«i(«)

77(77 — 1)
H-(774 - 2t73 - 17772 + I877 + 8K(x).

32

and C„(x) is the polynomial of degree ^4w —1 given by (3.6). For 2 5=>' ̂77 — 1,

7r„(x)  r               77(77 — l)x„
B,ix) = w„(x) + —-— co„(x)

7Tn (x,) L (1   —  X^)2

774(77 -   1)4X„ I 3 12 5       )
(3.17)     +--1-{-H-H->ui(x)

30il-xl)T/*ixy)\il-xl)Pn-lixA Pn-lixr) 1   -   X2j

n\n - l)4xv     13 12 5     I 1

30(1 - x2K3(x,) I (1 - 4)Pn-iixA + Pn-iixA ~ 1 - xir"ix)}'

where
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_,w _    o-w   r r _____«_ ,_w /_____
WWCWLL, <-_, 12(1 — _D

+ irl£_^4_/_L_+Af'^(f).A].
IJ-it-x,    ) U - x2        2J-i   t-xt    J J

3 4m(m — l)x„ 2m4(m — l)4
M„(x)   =  /„(x) H- 01y(x) A.-COi(x)

(1-x.)2 WWd-*.)'

2m4(m-1)4w„(x) 1
H-1-irn(x)l,(x)li (x).

*-„*«(*,)(_ + x,)2      3x„'(x,)

(d) Lastly, for 2 _S j» ̂ re — 1 we have

4 Xn(x) 2 /, .
Ay(x)    =    1V(X)    A.-——-   [ly(x)li(x)    ~    91,      (Xy)Vy(x)]

4ir„ (xf)

3n(n - 1) ( 8x„2  )

(3.20)
3n2(n - l)2            (    10          »(re - 1) /              2      \)

+-<-— + —--( 1 +-• )> Di(x)
4(1    -   Xy)2Pl_X(Xy)iri(Xy)     \l     ~X, (1   +   Xy)2\ P n-l(Xy) })

3n2(n - I)2            (    10         re(« - 1) /             2     \)
+-|--+---(1-)>Dn(x),

4(1    +   Xy)2Pl_1(Xv)iri(Xy)     \l    +    Xy (1~    Xy)2\ P n-l(xf) /)

where

r„(_)  r n(n — 1) 7r„(x)
Vy(x) = -   r,(x) -\-— py(x) H-—-

*i (xi) L 3(1 - x2.) 6re(M - 1)(1 - xl)PU(xv)

_(&_(*)_1
" 18re2(re - 1)2(1 - xDPl^xi)}

and 7>i(x), 7>„(x) and D,(x) are the polynomials each of degree _S4re —1 given

by (3.1), (3.2) and (3.3).

Ai(x) = l\(x) + -^-%[l\(x)li(x) - (9l('(l) + 10li\l))vi(x)
47T„' (1)

w(m — 1)
- 17// (l)rei(x)]- (804re6 - 1913m6 - 1049re4 + 5353m3

1536
(3-22)

«(m — 1)
- 1215m2 + 744m - 864) D^x) + —- (653re6 - 1959m6

1536

+ 3035m4 - 2805m3 + 1352m2 - 276m - 1440)Dn(x),

where
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/,   «« ,   N '»W     (     M    , .   .(»-2)(»+l) &'„(*)       )
(3.23) *,(*) = ——-fax) + Tn(x).——-— - —--\ ,

7r„ (xi) ( 48w(t7 — 1) 32t7(t7 — 1);

Anix)  = llix) +       *' [lnix)lfix) - (#„"(-1) + 10lf2i-l))vnix)
4tt„'(-1)

-17C(-1)mb(x)]

77(77 — 1)
+ —- (65377s - 1959775 + 3035774

(3.24) 1536

- 2805773 + 1352772 - 27677 - 1440) Pt(x)

77(77 — 1)
-(804776 - 1913776 - 1049774 + 535377s - 1215772

1536

+ 74477 - 864)Pn(x),

where

,,,- ,,        *»(«)    f   ,,  ,  in-2)jn+l) QLjx)    \
(3.25) vn(x) = f.M + ——-— «■»(*) + ——--J- .

tt„ (—1) ( 4877(77 — 1) 3277(77 — 1);

4. For our purposes we shall need some other representations of A,ix),

P,(x), dx) and P„(x).
Using the integral

(4.1, f'*M8«_    *        _i_ ._P_
J -1 t — x„ 1 — or,      1 — x; Pn-iixv)

we have for v = 2, 3, • • • , n—l,

(a)

D,ix) =-     I     -dt - <-
24P'n'_1(x,)7r„'3(x,)L J-i t - x, ll - xl

3 ) 2 + 3x„ 1 -|
_1 p    (x)_!_ _i_

5(1 - xt)Pn-iix/)j      " 3(1 - x2)       (1 - x2)P„_i(x,)J'

and

*»(*) r r * Pf-iit) 1   «,
P„(x) =-     I     -dt — <-

24P^1(x,)7rn'3(x,)LJi    t-x, U - x2

3 ) 2 - 3xp 1 -]
_1 p    (x)_._

5(1 - xl)Pn-iixAJ     * 3(1 - x2)       (1 - xDPn-iixf) J '

(b) Since

<2&« = 2t72(t7 - 1)2 = eJi( -1),

and (?2»(*..)=27rn'2(x,) we have from (3.4), (3.8), (3.6), (1.3) and (5.3)
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x„(x)       f (5 1 )
Ci(x) =--L—\ ri(x) + \-}wn(x)

2n2(n - 1)2L 172      18m(« - 1))
(4.4)

1 1
H-P„_l(x)x„(x)    ,

vl(x)      I" (5 1        )
Cn(x) = -   rn(x) — <-_-x„(x)

2m2(m- 1)2L 172      18m(m - 1))
(4.5)

1 1
-  —   Pn-l(x)x„(x)     ,

and for 2 __j v _S n — 1,

2

xn(x) r 2m(m —  1)
Cy(x) = ■-   r„(x) H-— Pv(x)

2m2(m-1)2P2„_1(x,)L 3(1 -x2)
(4.6)

_2^n(^)_ ^ P„-l(x)| I

9n(n - 1)(1 - ^)7t-,W t     "  P„-i(*,)J J'

(c) To simplify Pi(x) and Pn(^) we use the following results [l]:

xn'(l) = -»(«- 1) = (-1)»-Vn'(-1),

ft   (ft  ~~   1 )

xl' (1) = - = (-1)V„' (-1),

and then we have

x„(x) r   m(m — i)
Bi(x) =--—   ui(x) + —-(73?.4 - 146m3 + 137m2 - 64m

m(m — 1) L       576

+ 12)o)„(x)

w(m — 1) "1
(4.7) + —- (71m4 - 142w3 + 151m2 - 80m - 12)wi(x)

576 J

m(m — 1)
+   2   Ci(x).

x„(x) r    «(m — l)
Bn(x) =-——{ un(x)- (73m4 - 146m3 + 137m2 - 64m

m(m - 1) L       576

+ 12)«i(«)

«(re — 1) , f~\
(4.8)- (71m4 - 142m3 + 151m2 - 80m - 12)_.„(*)

576 J

m(m — 1)
~ Cn(x).

.Si
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From (3.17), (3.12), (3.13) etc. we have for 2SvSn-l,

TTnj*)

B,(x) =-
77(77 — l)P„_i(x„)

2
[n(n — l)x„ Xyirn(x)

<X) + TT^T "'{X) - 180(l-x>2(77-l)2PU(x,)

-l^+I^(-2- + 12)\l
ll - x2     P»_i(z,) \i - 4 // _

(d) To simplify Ai(x) and yl„(x) we need the following results which are

easy to verify from (3.9a) (see [4]).

77(77 — 1) n(n — 1)
Kil) =       A       > *»'(-!)-——>

4 4

(«-2)(t7+1) (n-2)(n+l)
h"(1) =----//(l),       l/'i-D = ---7--/»'(-l).

6 6

Thus we have

3 4 1 3
Aiix) = — hix) + — Pn-iix)hix)

4 4
7Tn(x)     , ,

-1-— {(4t72 - 4» - 3)»i(x) - 17«i(x)}
16

77(77 — 1)
(4.10)-(804776 - 1913w5 - 1049774 + 5353t73 - 1215772

1536

+ 74477 - 864) P^x)

77(77 — 1)
-1-(653t76 - 1559775 + 3035774 - 2805773 + 1352772

1536

- 27677 - 1440)Dnix).

3 4 1 3
Anix)   =  — hix)-■ Pn-lix)hix)

4 4

IT nix)    , .

-{(4772 - 4b - 3)vnix) - 17unix)}
16

njn- ^ _ ^ _

(4.11) 1536
- 27677 - 1440) P,(x)

-(804t?6 _ 1913«B - 1049774 + 535377s - 1215t72
1536

+ 74477 - 864)Pn(x).
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Since If (xi) = — n(n— 1)/3(1 — x2) (see [5]), a little calculation shows that

3,1   pn_!(x)   3 3        xn(x)n.(x)
A Ax) = — Ux) -\-Ux)-

4 4   Pn-i(Xy) 4   (1 - x2)P„_i(x,)

xn(x) f 2  (5xv(3 + xi)      n(n — 1)1
(4.12)   +--1—-   — \- .     +—--}Pn-i(x)

8m3(m - 1)3(1 - *.)2n-i(*v) L 5 I    1 - xl Pn-i(xi))

1   (10(1 + 3x') . 1

2
3m(m — 1) ( 8xy   1

5. We shall use some well-known facts about Legendre polynomials. For

— 1 _S x _S 1 we have [3 ]

(5.1) |xn(x)|    g  (2M/X)1/2,

(5.2) \Pm(x)\   ^ 1,

the equation

(5.3) (1 - x2)Pm(x) - 2xPm(x) + m(m + l)Pm(x) = 0

and for the polynomials l,(x)

(5.4) /•(*) ±_ zZ I &0 |   £ 1, (-1 g x ̂  l,j = 1, 2, • • • , m).
r—1

We shall also use Markov's and S. Bernstein's inequalities according to

which, for a polynomial g(x) of degree _S»z and real coefficients, we have for

-l__x_gl

(5.5) | g'(x) |   _S m2   max    | g(x) | ,
-l__a;__l

and

(5.6) \g'(x)\   fS m/(l - x2)1'2   max    \g(x)\
-i__~__i

respectively.

The following results have been proved by Turan and Balazs [3].

For re = 2, 4, • • • ,v = 2, 3, 4, • • • , re/2.

(5.7) | TV-it*,) |   ^ 1/(W*,

(5.8) (1 - xl) > v/i(n - I)'.

We shall further make use of the estimates of p„(x) and r,(x) as obtained

by Turan and Balazs [3].
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For 7? = 4, 6, • • • , and — 1 ̂ x=jl we have

, , 77 77

(5.9) \riix)\   < — +2n1'2, rn(x)     < — + 2771'2,
4 4

/ n\H2 n
(5.10) |r„(x)|   S 87rri — J    , for 2 S v S —,

/      77     \1/2 77

(5.11) |r„(x)|   S 87x1-)    , for— + 1 S v S n - 1,
\n — v) 2

. | l,ix) I (1 - xl) / v V'2        1
| p,(x) |   S (8x)'/2'    K}/\ ** + 128x(-)--,

77(77-1) \n/      in- I)2
(0.12)

n
ioi2 < v <—,'  2

I p,(x) I   S (8tt)1/2-
77(77 — 1)

(5.13) V
fn - A3'2       1

+ 128x(-)-,       for 77/2+ 1 < v < 77- 1.
\    77   /     (77 - l)2 -     ~

Lastly we shall require the following results which have been obtained

by Dr. A. Sharma and myself [6]:

(5.14) |Wl(x)|   S        *        »        \wnix)\   S 1        ,
772(77 — l)3 772(W — l)3

(5.15) »,(*)    ^-—-——v + 256xf —)-—
3 773/2(77 —   l)2 \77/     (77 —  l)3

for 2 g; v S 77/2,

and

,    1     ,    ,       8(27r)1/2 (1 - av) I /,(*) I                            fn - v\2       1
(5.16       «,(*)     S^-1-, ' (77 - v) + 2567r(-) -,

II 3 773'2(77 - l)2 \    77    /  (tz - l)3

for 77/2 + 1 =? ? =i 77 - 1.

(5. 17)      I Uiix) I    < 3771'2 + 277, I Unix) I    < 3771'2 + 277,

^128(2,r)"2   ut   \hjx)\ n   ,   2(2x,)^2 ,,, ^
I U,ix) I     S —-;-771'2-• + 2137T — H- I^X)

3 v v2 3
(5.18) 2

+ — I ̂ (x) I, for 2 g p S 77/2,
o
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and

128(2x)1'2 |/,(x)| xm 2(2x)1'2 1
| Uy(x) |   _S -—L— re1'2 + 213-+ ----— (re - y) i'2/, (x)

3 m — j» (re — v)2 3
(5.19) 2

H-I l\x) I, forK/2+l__c__«- 1,

(5.20) | vi(x) |   < 4/m;        | vn(x) \   < 4/re,

.       981x 8(2x)!'2 64(2x)"2
D„(X) __i-1-V       UX) "j-—  .

I ' re        Sre1'2^ - 1)    ' ' 3nv"2
(5.21)

for 2 _S i< _g re/2,

. 981x         8(2x)1'2                  .         .          64(2x)1'2
v,(x)     g-+-—--(n-v)\ l,(x) +-—-,

II re 3re1'2(re - 1)               '          '        3M(re - k)1/2

(5 22)
for »/2 + 1 £ v _g re - 1.

6. Investigation of the fundamental polynomials of the fourth kind. In

this section we shall estimate the quantity

Z     l     Dy(X)   |    .
*=1

For re = 4, 6, 8, • • •   and —1 _Sx_Sl,

re6/2(re — l)4 w6/2(m — l)4

For the further fundamental polynomials we have

Lemma 6.1. For re = 4, 6, 8, • • •  and —1 __.x_Sl we have

4(8x)1/2   | ly(x) | (1 - x,V/2 / , \6/2        1
ZUx)    <-!-h 128x( — )     -,

1 '   -       3 k2(m- l)8 Vre/      (re-1)4
(6.2) ,

for 2 _g v _s re/2,

4(8x)U2   \l,(x)\(l-xD(n-v)m
Dy(x) <-

1      W' 3 re2 re - 1)'

(6.3)
/re - A6'2       1

+ 128x[-)    -> for re/2 + 1 < v < re - 1.
V    n   )     (re-1)4

Proof. Obviously it suffices to prove the first assertion. First let x<x,<l.

Since

I r* Pf-i(t)         Pn-i(x)         1         r* Pn-i(D  Jt
I     ■-dt  =-1- I-— dt,

\J -1     I   —   X, X   —   Xy 1    +    X, J -I    (t   —   Xy)2
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we have owing to (5.2)

I rx PUH) J   ^21 /    1 l    \
I      -dt   S-1-<2(-1--J.

Then (4.2) gives, owing to (3.9a) and (5.2),

,,     <  J_     7Tn(x) j UJX) | 1_1  7T„(X) |

= 12'«■„' 2(x,)' | P^f*,) |       4 ' | x.' s(x,) | | P^Cav) |
(6-4)

" (1   -   ̂ ) |   />_!(*,) |   '

Since from (5.3) (1—x2)P£'-i(x,,) = —77(77 — l)P„_i(x„) and from (1.3)

irfixf) = — nin — l)Pn-iix/),

we have from (6.4), owing to (5.1) and (5.7)

.       4(8tt)1/2    I hix) I (1 ~ **) / v \6/2        1
|Dr(*)     ^—-' '   -V2 + 1287r(— )-
1 '   ■ 3 772(t7- l)3 \nj     in- l)4

For —1 <x„<x the estimate runs similarly, since we have again

I r» Pn'_!(/.) (1 1    )

For x = x, the lemma obviously holds. From Lemma 6.1, we can deduce

Lemma 6.2. We have for 77 = 4, 6, 8, • • •  and — l_^x^l the estimation

A   1 ,        97x
D I/>,(*)   s — ■
f-1 773

Proof. From (6.1) and Lemma 6.1 we obtain

"   .           ,                2               4(8x)1'2           1
X    A(«)    S-■-+ -^-
Z? 776'2(77 -   l)4 3 772(W -  l)3

[n/2 „-l -1 gQx

E >3'2 I  hix) I +       £      (77 -  „)S'2 I  hix) I        + —
F=l r-n/2+1 J »7S

77S 3 B»(n-l)»V£l      /       VZl 7

81x     16x     97x

77! 77s »3
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7. Investigation of the fundamental polynomials of the third kind. We

have the following

Lemma 7.1. For re = 4, 6, 8, • • •  and — l<x_sl the estimation

(7.1) | Ci(x) |   < l/(re - l)2, | Cn(x) |   < 1/(m - l)2

hold.

Proof. It is enough to consider C_(x) only. Knowing the estimates of n(x)

(5.9), we have from (4.4), using (5.1) and (5.2)

1 (n /2m\1/2\ 1
Ci(x)    _g-( — +2«1/2+( — I     )<-

1 I_x«(m-1)2\4 \x/    /      (m-1)2

Further we have

Lemma 7.2. For re = 4, 6, 8, • • •  and — I5?x5_l we have

8 ( 2(8x)x'2   . .        )
| Cy(x) |   ^- <^ 230x- (np)1'2 + -^-| l,(x) \ v3'2 Wor 2 _S v g n/2

n(n — I)2   \ 3 )

and

8 ( 2(8x)1'2 . . )
, C,(x) |   :g —-—^230x(re(re - V))"2 +- | U(x) \ (n - v)»'4

n(n — 1)L . 3 )

for re/2 + 1 ^ v < re — 1.

Proof. We confine ourselves to the case 2_£j'_Sre/2. From (4.6), using the

estimates of r„(x) and p,(x) in (5.10) and (5.12), and also using (5.1), (5.2),

(5.7) and (5.8) we have

2
x„(x) Ti. i  2re(re — 1)

I C'(X)     = VTr-\Li    ,    J   I *'& I   + I "'W I    -M ,,2m2(m — l)2P„_1(xA L 3(1 — xf)

2 x„(x) "1

+ 7 n(n - 1)(1 -*») | 2*B_1(*,)|J

8k        (       /reV'2      2(8x)1'2 . .
<-^87x( —)     + l,(x)   v"2
~ n(n - 1)2\      \v) 3

,,3/2 N

+ 107--\
n"2(n - 1)(1 - x2)/

8 ( 2(8x)1'2 . .      )
< —-— hitocW* + -^— | l,(x) | v*l2\ .

n(n — 1)* \ 6 )

From Lemma 7.1 and Lemma 7.2 it follows
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Lemma 7.3. For 77 = 4, 6, 8, • • •  and —lSxSl we have the estimation

»   . ,       9368
Z I c,(«) \ s-
v-l 77   j

Proof.

»                             2                 1840x      / n'2 n_1 \
T,\C,ix)\S--^ + ^7^-^(2>1/2+   E   in-v)1'2)
,_1 (77 — l)2 771/2(77 —   l)2 \ „=2 ,_„/2+l /

16(8x)1/2    / n/2 n_1 \

+ , ,     a J E 1U«) I "3/2 +  E  |fc(*) \in-vy>2)
3nin — 1)2\„=2 i.=n/2+i /

2 3680x       ^ 32(8x)!/2   / »!*    \1/2/"   .     \1/2
<-•+-^E"1/2 + ———( E*'3)    ( Eft*) J

(77-l)2    77^(77 - i)2 ti 377(77-i)2\ti   /   Vti     /

2 1840x 77 4(8x)1/2    77 + 2        9368

"" (77 - l)2 21'277(77- l)2   '(»- l)2 3 '(77- 1)2<7T '

8. Investigation of the fundamental polynomials of the second kind. In

this section we shall estimate the quantity

E I Bt(x) I .
v=l

We need

Lemma 8.1. For n = \, 6, 8, • • •  and — l^x^l

I Biix) I   £ 4;        I Bnix) \   S 4.

Proof. From (4.7), (5.1), (5.14), (5.17), and (7.1)

, .       /277X1/2 1 ( 5 776       •) 77

\Biix)\s( — )-Un1'2 + 2n -\->H-
' ' \x/ 77(77-1)1 12   772(77 - l)3/ 2(» -  1)

3 77
<-in1'2 + n)-{-< 4.

„1/2(M _   1) 2(77  -   1)

Similarly |P„(x)| ^4. For the further fundamental polynomials we have

Lemma 8.2. For 77 = 4, 6, 8, • • • , -l^x^lw have

I 4 T I |/W\1/2 77 2 1/jfl

1 B'{%) '    -   »!/»(»  -   dL160^ I (VJ +   *»^ +  2"'^  + "      }
for 2 =; j/ S 77/2,

cxwcZ
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i i 4 r       . . /    re   \1/2 n
\B,(x)\   g-   160   /,(*)(-)      + kn-
' '       m1'2(m - 1) L \» - v) (n- vY>2

+ 2(m - v)l](x) + (n - v)'2   , for re/2 + 1 _S v _g re - 1.

Proof. Again we confine ourselves to prove the first assertion. From (4.9)

using (5.15), (5.18) we have for 2_g>'_3«/2

1 x„(x) | pl28(2x)'/2   .J«*)|   ,   213xm
| 2?,(x) |   rg-i-j-   -ra1'2-1-

re(re — 1) | P„_i(x„) I L        3 v v2

2(2x)J'2 2 2,3,       8(2x)1'2 I /,(*) I v
+    ~l—!—    V"2-U(X)    +   — ly(X) +   -i—i-L_L-J-

3 3   ' ' 3        re1'2(re - 1)(1 - xl)

256-n-v2 x„(x)

m(« - 1)2(1 - x2)2      180(1 -x2)m2(m- 1)*|/*_i(*»)|

jjq_   l^wl/12 + _L_vi
ll - x2        I Pn_!(x,) | \ 1 -**//_ '

Then using (5.1), (5.2), (5.4), (5.7) and (5.8) we have

4k1'2      ri28(2x)1'2   I/,(*)! 213xm      2(2x)x'2        2
\B,(x)\   <--—-L—^--n1l2 +-+ vll*U(x)
1 '       rehire - 1) L        3 v v2 3

2 ,     ,       32(2x)!'2   \ly(x)\(n-l)
H-1V(X) H-■

3 ' ' 3 vn1'2

x(« - l)2      10.2s   (re - 1)H
+ 212----+-x--

nv2 9 v2      \

W2      r I l,(x) I n i/2 2    1
< -   1 + 160m1'2--- + kio-1- 2v    ly(x)   ,

m"2(m - 1)L v v2 J

since

10 I P»_i(x) I   / 3     \ 25
-r-T-^-rl 12 -I-] <-;-r •
1 - x2       | P_i(«.) | V 1 - x\) - (1 - 4) | P„_.(s,) |

From Lemma 8.1 and Lemma 8.2 it follows

Lemma 8.3. For re = 4, 6, 8, • • •  and — l_gx__|l we have the estimation

n

E  I B,(x) |    _5 ka.
v—l
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Proof. From Lemma 8.1 and Lemma 8.2.

A ,        , « i        i 640 r ^ I hix) I       r,1    I hix) I "1

,-1 p-2 77 —  1 L p_2       V1!i v-n/2+1 in — vfl2A

in1'2       r ^ C* 1
+ —- *» Z"-3/2+ E (» - ")_3/2

n—l Ln.! p=n/2+l J

8      rn/2   2 n_1 2   "i

+ -fir,-d E */,(*) +   E  (« - v)i.ix)
771/2(77  —   1) L  p-2 p=n/2+l J

4 r   n/2 n-1 -1

+ -T777—d ^"1/2+ £ (»-"H
771/2(77 —   1) L p-2 r-n/2+1 J

1280   /*£*    1 V'Y    «      2       \1/2
<s + —-  E-)   (EM*))

77 — 1 \ »_i     V /       \ ,_i /

*M x        16       / V  «Y'7 V iV ̂  Y'2 a.     8    ( V Y"
+^+7^,7^-1)1 S^v (S^v +^i(Sv

log 77 £20
<  #21-1-—- +  ^22   <   &23-

77 771'2

9. Investigation of the fundamental polynomials of the first kind. Here

we shall estimate the quantity

E I Mx) I.
p-1

We prove

Lemma 9.1. For 77 = 4, 6, 8, • • • and —lgx^l we have

\Aiix)\   S 1677s'2;        \Anix)\   Slon1'2.

Proof. From (4.10), (5.20), (5.17), (6.1), (5.1), (5.2) and (5.4) we at once
get

1 /2n\112 /        4                                \                5t78
Ui(x)|   ^1 + —(—)     (6>72—+ 17(3771'2+277) H-
11 16\x/       \ 77 / 2776/2(77   -   l)4

84t73/2

<  1 H-1-  10773'2  <   16773'2.
16

Lemma 9.2. Pot- 77 = 4, 6, 8, • • •  and — 1 ̂ x^l we have

(w\3/2 I / (x) I 77
—)     + kinL^^,    tor2SvS—,
v / v112 2

and
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/      M     \3/2 I / (x) I
(9.2)      \Ay(x)\^ki + ki(n-vy'2+kA-)     +hn/ " '

\m — vf (re — v)1'2

for w/2 + 1 __; v _S re - 1.

Proof. As before we shall prove the first assertion. From (4.12), (6.1), (6.2)

etc. we have

3        1 12re6/2
|    Ay(x)   |       _S   - +  - (8.X)1/2 +   —— |   V,(X)   I

/        32\r    \lp(x)\ /»\"H

T86      1       2(8x)1'2-|
+ 256(2x)1/2   — + — + -^—-—   re3'2.

L*4       v2 5v*'2   J

Using (5.21), we get

(w\3/2 I / (x) I
—)     + kin- ,       for 2 _S v _S m/2,

k / »1/2

with numerical £i, k2, k3 and fe4-

From Lemma 9.1 and Lemma 9.2 it follows

Lemma 9.3. For « = 4, 6, 8, • • •  and — l^x_Sl we have

ZZ I ̂ »(*) I   ^ M3/2.
r-l

Proof.

ZZ\Ay(x)\  ^32n3'2+(n-3)ki+ki(zZ"ll2+    £    (m-k)1/2!
»=1 1  »=2 >■—n/2+1 /

r^/reN3'2        ^    /    re   \»/n
+ *3  £(-)   +  Z (-)

L  y-i\ V / y-n/1+1 \n — v/      J

+ _,..[ £l_-_l + £ ^*^1
L £_     v"2 y-tjt+i (re - k)1'2.!

/  nil     1   \ 1/2   /    n \ 1/2

_S ̂-m3'2 + h-2nl zZ — J    (SK*))     <Un3>2.

10. Lemmas on Jackson means. Let </>(0) have the period 2x, then the

Jackson means of <j>(6) is
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t-e }
sin 77-   4

(10'1)     J-ft*>-2^+ ■)/>—T^rd'-
sin-

2

An alternative form of P„(0, <p) is well-known:

3 c *'2 /sin 77/\4
(10.2) U9,<t>)=      ro [      {c6(65+20+c6(t?-20} (-—-)*•

X77(2772 + 1) J o \ sin p /

From (10.2) it follows

6 /•I'2/sin 77/\4
(10.3) 1=- (-1 dt.

X77(2«2 + 1) Jo     \sint /

Under the hypothesis in our theorem, if c/>(0) is continuously derivable in

[ — 1, 1 ], and coi(5), the modulus of continuity of <p' id) satisfying the condition

that

/' coi(0-^-dt
0   tw

exists, then we can prove the following modification of Balazs-Turan's

Lemma (5.1) in [3].

Lemma 10.1 If <p(8) is everywhere continuously derivable and satisfies the

condition (10.4) then for an arbitrary e>0 we have for n>no(e)

I *(«) ~ MO, <p) |   S e/n*'2.

From this we at once have

Lemma 10.2. Let

$(0) =   f <f,(0) sin 8dd,

then

|*W -  f J«(P,4>) sinftffl | < ie/n*'2) (1 - cost?).
J o

Now let fix) he continuously derivable of order 2 in [ — 1, 1 ] and

(10.4) <6(0) = /'(cos 6).

Let w(5) be the continuity module of/"(x) for — l^x^l with existing

Jo  vz'2
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If max_is_si |/"(x)| =M then denoting the continuity module of c/>'(0) by

coi(5) we have

«-(*)=      max       [ — d>(d)~\        -\— 4>(6)]
|9"-e'l__.   \_ad        Je-e"      Ldd        J.__.' I

=      max —/'(cosff) - | — /'(cost?)
|."-.'|___ I Lc/0 J.=e"      |_cZ0 _|.=«'|

|rcf2/(x) -i rc.2/(x) -i
=      max ^-^(1-x2)1'2 -    -^(1-x2)1'2

|e"-.'|_.. IL  dx2 J_-oo_»'       L dx2 J--008 8"

_g w(5) + Mb,

i.e., the integral

(10.5) Jo #3/2

exists.

We consider the polynomials 7„(0, qb) belonging to d>(6) =/' (cos 0). Since

4>(6) is now even, Jn(6, cp) is a pure cosine polynomial of order 2re —2 i.e.,

7„(arc cos x, <b) =irin-i(x) is a rational polynomial of degree (2w —2) and

3 /•"*
■n-in-i(x) = —- |       {0(arc cos x + 2<)

xm(2m2 + 1) J o
(10.6)

. / sin w.\4
+ 0(arc cos x — 2/)} I-) dt.

\ sin / /

Lemma 10.1 gives for — l__ix__il, arbitrary small e>0 and re>«i(e)

(10.7) |x2„-2(x) -f'(x)\   = e/M3'2.

Putting

(10.8) Pin-i(x) = )   Tt„-i(x)dx.

Lemma 10.2 at once gives for —1 _£x_Sl, arbitrary small e>0 and «>re2(e)

(10.9) | P2„-i(*) - f(x) + f(l) |   < 2s/m3'2.

Differentiating (10.6) one times according to x we get

3 r*12 (/d<t>(u)\
Tfin-l(x)   =-I < I - 1

XM(2M2 +   1)(1   —   X2)1'2 J0 (A     du    /„_arc co, x+lt

(10.10)

+(^)      )(^)dt.
\    du    /„__arc cos x-lt)   \ sin / /
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From (10.10) we have the

Lemma 10.3. For — 1<x<1, we have for 77>773(e) for the x2„_2(x) defined

in (10.6) the estimation

1 df'icos d)
TT2n-2(x)     S-max  -   •

1 '        (1 - x2)1'2      e dd

Proof. Denoting

<zy'(cos e)
max   -   = Mu

e dd

we have from (10.10) and (10.3)

, . Mi 6 r*'2/sin nt\A Mi
(10.11) I x2„_2(x)     <-I       (-)dt=-.

1 '   ~ (1 -x2)1'2 x77(2«2 + 1) Jo     \ sin I J (1-x2)1'2

Lemma 10.3 does not give any information for x= +1. This is given by

Lemma 10.4. We have for the x2„_2(x) defined in (10.6) the estimation

|x2n_2(±l)|   Skion1'2.

The proof of this Lemma is obvious from Lemma 5.3 in [3].

The following Lemmas have been proved exactly as by Turan and Balazs

[3].

Lemma 10.5. For — 1<x<1 we have for n>n<fe) for x2n_2(x) defined in

(10.6) the estimation

.   „ . 1 df'icos d) en1'2
x2„_2(x)    S-max   -  H-■

1 '       (1 - x2)3'2      * d6 (1 - x2)1'2

Lemma 10.6. We have for the x2„_2(x) defined in (10.6) the estimation

|*SLi(±i)| sw2.

From Lemma 10.5 and using the S. Bernstein's inequality (5.6) we have

for — Kx<l for x2n_2(x) defined in (10.6) the estimation

,    ,„ , 277 df'icos ff) en3'2
(10.12) x"_2(x)     S-max  —-   +-

1 '        (1 - x2)2      e dB (1 - x2)3'2

From Lemma 10.6 and using Markov's inequality (5.5) we have

(10.13) | »£-t(±1)|   Shn»'2.

11. The proof of the theorem. The lemmas given before very easily prove
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our theorem. Owing to the uniqueness theorem in [5] we have for the poly-

nomials P2n_i(x) in (10.8)

n n

Pin-l(x)   SB   ZZ Pln-l(Xy„)Ayn(x)   +   zZ  P2n-l(xm)Bm(x)
v=l v=l

(11-1) +   _C Pln-l(x,n)Cyn(x)   +   zZ  Pin-l(x,n) Dyn(x),
v—l v—l

n n

Pln-l(x)   =   X) P2n-l(x„„)^4y„(x)  +   _T) Wln-l(x,n)By„(x)

(11.2)
n n

+   Zf TTin-i(Xyf)Cvn(x) +   Zf irin-l(x,n) Dyn(x).
v—l v=l

Hence owing to (11.2), (2.2), (2.4) and the remark that in (2.2)

n

(11.3) zZM*) = l
t-i

we have for re>re.(e)

\f(X)   - Rn(x,f) I    _g    |/(X)   -/(l)   -   Pin-l(x) |

n

+   |   _C   [P2n-l(xra)   -/(XTO)   + /(l)]_4.„(x)
r—1

n

+   _C [X2n-2(X,„)   — f'(Xy„)]Byn(x)
v—l

n

+   Zf   Wln-i(Xyf)   —   Cy„]Cyn(x)
v—l

n

+   Zfl   Wln-l(Xvf)   —   dy„]Dyn(x) I

(11.4)
^     \f(x)   "/(I)   -   Pln-l(x)\

+ I. | 4,„(x) |     max    |/(re) - P2„-i(«) +/(1) |
,-l -l__uSl

n n

+   _C    I -S™    I       maX       l/'W  ~"   TT2n-l(v) |    +  €M _>_!   I  C,n(x) \
v=l -1S»S1 v=l

n n

+ _C  I TrL-l(Xyf) I   I C„„(x) |   + ere3 _C  I #«.(*) I
r=l v=l

n

+   _C   I  X2"l2(*^) |    |   Dyn(x) |   .
v=l

Using (10.9) and Lemma 9.3 the first two terms tend to 0 uniformly for
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— 1 ̂ x^ 1; so does the third term owing to (10.7) and Lemma 8.3. Similarly

fourth and sixth terms tend to 0 uniformly in [ —1, l] owing to Lemma 7.3

and Lemma 6.2 respectively. To estimate the fifth and last terms in (11.4)

n

Z   I 7r'2n_2(Xp„) |   | Cp„(x) |    =s S,
p-1

n

Z   I T2'n'-2(Xpn) |   |  Pp„(x) |    =   T,
p-1

we write owing to (2.1)

5  =    |  x'2n_2(l) |    |  Cl„(x) |    +    |  X2„_2(-l) |    |  Cnnix) |

+  Z   I  T2„-2(Xp„) |    |  Cp„(x) |   .
p-2

Lemma 10.4 and (7.1) obviously give for the first two terms in (11.5) the

upper bound kgn~312. In order to estimate

n—l

Si  = E   I 1'2»-2(Xp„) I   I Cp„(x) |
p-2

we use Lemma 10.3 and Lemma 7.2. These give

1=i Mi I 2(8x)1'2 . .      )
\Si\   S k10 E    .      ,w, j230xM"2 + -±-±-   hix)   M

p=2 77(77-lyii-xif)1'2 ( 3 )

^Sl +S{'.
Using (5.8) we have

230irMi     "=J v1'2
S{ = A10-Z -;-

«,/2(77 - l)2 tZ (1 - xJJ1/2

*n !£}    1        £12<-   z—< —>
wl/2(w  _   !)l/2   £      1/2 „l/2

(11.6) ,         ,
2(8x)1'2                  1          ?=* hix) »3'2

S{' = *io~^—^-Mi- Z '-
3               77(77 - l)2 ptt (1 - xlf)1'2

<ku-        1        £ |/,(*) | v1".
77(77 — 1) p_2

The Schwarz's inequality gives

1 /       " \1/2/       " ■> \1/2 k,A

(ii.7)       «'<*„.---AZA   (Z&O)   < —•
77(77 -   1) \ ,-1     /        \ p_i / 77

Similarly
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P =   | x'2"-2(l) |   | 7J>i„(x) |   +   | ir'in-i(—l) |   | 7>„n(x) |

(11-8) ^ i   ,,, ii i
+   Z_    I  *1n-l(x,n) |    |   D,n(x) \   .

v—1

(10.13) and (6.1) give for the first two terms in (11.8) the upper bound ki&n~2.

In order to estimate P= _C"-2 I"".-.'^^-)! |7>,.„(x)| we use (10.12) and Lemma

6.1. These give

S-,1 ( 2m ere1'2      )

i i 2       3/2 6/2

#   i\lvn(x)\(l-Xyn)v' v' ]

' I        re2(re - l)3 re6'2(re- l)4/
(11.9)

^ t   2Mi en112      i | lm(x) | k3'2

= *" h ll - xln+ (1 - xl)1'2) n(n - l)3

-^j     2Mi ere1'2       "> k6'2

+ *" hi 1(1 - xli)2 + (1 - x2J3'2/ m3'2(m - l)4

— t'   I    t" i    t'" i    t""
=  JlT  JlTM     T-ll     ,

2M,      "-1  |Ux)|k3'2 If!        "    |/ra(x)|
2 1   =   «16   -  /__   -_- <  8Ki_ -■   /_y   -

(n n(n - l)3 £    (1 - xl) n(n - 1) ti      *«>

Mi log M
<   A17-^--

n'

.,   _ ^ lux)!^2
ii   = «ie - ___. -~-

m>/2(m _ l)« S (1 - 01/s

<4fei6       e   .,, iyiu*)!,
re1/2(re — l)-* ,=i

2Mi       "-1       k6'2                     2Mi^_J    1 Afi
(11.12)   ri   = /fei6 -X -— < 16/.16 — Z -<^is—f

M3'2(M -  l)4 t_   (1   - X2J2 M3'2   \Ti   K3'2 M3'2

, n-l „5/2

r"" = k y
(11      J " 16»(«-1)4 tld- *2J3'2

6 "-1       1 €

<8*i6--iT^ -I^*19'-'
m(m — 1) ,-i vllz n

(11.4) to (11.13) complete the proof of the theorem.
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